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Instructions:

1. All questions are compulsory.
2. Figures to the right indicate marks.

Q.1 (A) Answer any Two out of Three. 10

(1) Let f be an integrable function on the measure space (X, B, i). Show
that given e > 0, there isa § > 0 such that | [ f du| < e whenever E is a
measurable subset of X with u(E) < 6.

(2) Let(X,B,u) be ameasure space, and let (f;,) be a sequence of nonnegative
measurable functions that converge almost everywhere to a function f. Show that
S, f du < liminf, [ £, du.

(3) Let (X,B,u) be ameasure space, and let (E,,) be a decreasing sequence of
measurable sets with u(E;) < oo. Show that u(Ny=, E,) = 11113.@10 u(Ey,) . Show that

the conclusion may not hold if u(E,,) = oo forall n
Q.1 (B) Answer any One out of Two. 4

(1)  Let X be an uncountable set, and let n be the counting measure defined on the
power set P(X) of X. Show that (X, P(X),n) is not a o- finite measure space.

(2) Let (X, B,u) be ameasure space. If (X, B, 1) is not a complete measure space,
then show that there is a sequence (f;,) of measurable functions which converges
to some f a.e. on X but f is not measurable.

Q.2 (A) Answer any Two out of Three. 10
(1) Let(X,B,v) be asigned measure space, and let £ be a measurable subset of X
such that 0 < v(E) < oo. Show that there is a positive set A contained in E with
v(4) > 0.
(2) Letv be asigned measure on the measurable space (X, B). Show that there exist a
unique pair vt and v~ of two mutually singular measures on (X, B) such that v =
vt —v~,
(3) If vy and v, are any two finite signed measures on a measurable space (X, B) and
a,f € R, then show that av; + Bv, is a signed measure. Also, show that |av,| =
e |vq].
Q.2 (B) Answer any One out of Two. 4
(1) Let (X, B,v) be asigned measure space, and let E' be a measurable subset of X
such that u(E) > 0. Show that E need not be a positive set.
(2) Let(X,B,v) be asigned measure space. If E is any measurable subset of X, then
show that —v~(E) < v(E) < v*(E) and [v(E)| < |v|(E).
10

Q.3 (A) Answer any Two out of Three.

(1) Let(X,B,u) be a o-finite measure space and v be a o-finite measure defined on
B. Show that we can find a measure v, singular with respect to i, and a measure
v;, absolutely continuous with respect to u, such that v = vy + v;.

(2)  Let u* be aouter measure on X. Show that the class B of all u*- measurable sets is
a o-algebra.

(3)  Let u be a o-finite measure on an algebra A, and let u* be the outer measure
generated by A. If E is a measurable subset of X, then show that E = P — Q for
some A,s set P and for some set Q satisfying u*(Q) = 0.
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Q.3(B)
1)

)

Answer any One out of Two.

Let v and u be o- finite measures on a measurable space (X, B), and let v «< p. If
f is a nonnegative measurable function on X, then prove that fo dv =

fX f [Z—Z] du, where [Z—Z] is the Radon-Nikodym derivative of v with respect to u.

Let u be a measure on an algebra A, u* the outer measure induced by y, and E any

set. If € > 0, then prove that thereisa set F € A, with E c F and
WF < uE+e.

Q.4 (A) Answer any Two out of Three.

1)

()

(3)

Q.4(B)
(1)

()

If u is a finite Baire measure on the real line, then show that its cumulative
distribution function F is a monotone increasing bounded function which is
continuous on the right. Also show that lim F(x) = 0.

X——00

Let (X, B, u) be a finite measure space, 1 < p < oo, and let g be such that% +$ =

1. If F is a bounded linear functional on LP (w), then show that there is an element
g € Li(uw) suchthat F(f) = fog du forall f € LP(w) and ||F|| = lIgll4.

Let (X, A, ) and (Y, B,v) be o- finite measure spaces, and let R be the set of all
measurable rectangles. Let E be a set in R s with (u X v)(E) < o. Define a
function g by g(x) = v(E,) for all x € X. Show that g is measurable and

Je9du = (uxv)(E).

Answer any One out of Two.
Let 1 < p < oo, q be the conjugate index of p, let (X, B, u) be a finite measure
space and g an integrable function such |fxgq0 d,u| < M||¢pl|, for some constant

M and for all simple functions ¢. Show that g € L(w).
Let (X, A4, ) and (Y, B,v) be o- finite measure spaces If E is a set for which
(u x v)(E) = 0, then show that v(E,) = 0 for almost all x.

Q.5 (A) Answer any Two out of Three.

1)

()
3)
Q.5(B)
1)
)

Let u be a measure defined on a g-algebra M containing the Baire sets. Assume
either that u is quasi regular or that u is inner regular. If E € M and u(E) < oo,
then show that there exists a Baire set B such that u(EAB) = 0.
If u* is a topologically regular outer measure on a locally compact Hausdorff
space X, then show that each Borel set is p*-measurable.
Let A be a content on a class K of compact sets of a locally compact Hausdorf
space X. Show that there is a unique quasi regular Borel measure j such that
f(0) = sup{A(K):K c 0,K € K} for every open subset O of X.

Answer any One out of Two.
Let u be a finite measure defined on a g-algebra M which contains all the Baire

sets of a locally compact space X. If u is inner regular, then show that it is regular.

State Riesz — Markov Theorem and define each term appearing in the theorem.
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